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Let S1 and S2. An S1-by-S2 matrix is a function M : S1 × S2 → E.
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∑
s2∈S2
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We write MT for the transpose of M, i.e., the S2-by-S1 matrix where

MT (s2, s1) = M(s1, s2)
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For instance, e in Ae is simulated by e + f in Ae+f .
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Lemma
Let e ∈ E. Now e ≦ K (e).

Proof.
We now have that e · K (f ) ≦ K (e · f ) for all f ∈ E.

We then conclude that

e ≡ e · 1 ≦ e · K (1) ≦ K (e · 1) ≦ K (e)



The round-trip theorem

Theorem (Round-trip)

Let e ∈ E. Now e ≡ K (e).



Solutions to powerset automata

Lemma
Let A = ⟨Q,→, I ,F ⟩ be an automaton and let A′ = ⟨2Q ,→′, {I},F ′⟩ be its powerset
automaton. Furthermore, let s and s ′ be the least solutions to A and A′ respectively.
For S ⊆ Q we have that s ′(S) ≡

∑
q∈S s(q).

Proof sketch.
For ≦: show that t ′ : 2Q → E given by t ′(S) =

∑
q∈S s(q) is a solution to A′.

For ≧: show that if s ∈ S ⊆ Q, then s in A is simulated by S in A′.

From this, it follows that s(q) ≦ s ′(S), and hence
∑

q∈S s(q) ≦ s ′(S).
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Completeness

Theorem (Completeness)

Let e, f ∈ E. If JeKE = Jf KE, then e ≡ f .

Proof.
Write sA for the least solution to A (for A ∈ {Ae ,A

′
e ,Af ,A

′
f }). We derive as follows:

JeKE = Jf KE

=⇒ LAe (e) = LAf
(f )

=⇒ LA′
e
({e}) = LAf

({f })
=⇒ sA′

e
({e}) ≡ sA′

f
({f })

=⇒ sAe (e) ≡ sAf
(f )

=⇒ K (e) ≡ K (f )

=⇒ e ≡ f
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Parting thoughts

▶ Everything that is true, is also provable.

▶ Does not cover Horn clauses, i.e., e0 ≡ f0, . . . , en−1 ≡ fn−1 =⇒ e ≡ f .

▶ Proof follows a common pattern (if you squint).

▶ Also gives us a decision procedure for e ≡ f !
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Enjoy ESSLLI!


