Kleene Algebra — Lecture 5
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» Along the way, we developed some linear algebra over expressions.
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Finally: the completeness proof.
Three crucial insights:
1. Bisimilar states yield provably equivalent expressions.
2. Going from expressions to automata and back preserves equivalence.

3. Relation between solutions of an automaton and its powerset automaton.
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Matrices and bisimulations

Definition
Let 51 and S3. An S;-by-S; matrix is a function M : §; x S, — E.

Let M be an 51-by-S, matrix, and N an S>-by-S3 matrix.
Now M - N is the S;-by-S3 matrix where

(M- N)(s1,53) = Z M(s1, s2) - N(s2, s3)

HES

If bis an Sy-vector, then M - b is the S;1-vector given by

(M b 51 Z M51752 )

52652
We write MT for the transpose of M, i.e., the S>-by-51 matrix where

MT(SQ, 51) = M(Sl, 52)
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Matrices and bisimulations
Definition
Let S; and S, be sets, and let R C 51 x 5> be a relation between S; and S;.

We write Mg for the matrix given by M(s1,s2) = [s1 R s2].

Lemma
Let A; = (Qj, Fi, ;) be an automaton for i € {0,1}.

Furthermore, let R C Qg X Q1 be a simulation of Ay by Aj.
Then M;— . bAo é bAl'
Proof.

This comes down to showing that

Vo € Qo,q1 € Q1. [q0 R q1] - [q0 € Fo] = [q1 € Fi]



Matrices and bisimulations

Lemma
Let A; = (Q;, Fi, d;) be an automaton for i € {0,1}.

Furthermore, let R be a simulation of Ay by A;.

Then M - Mp, < Mg, - MT.
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Lemma
Let A; = (Q;, Fi, d;) be an automaton for i € {0,1}.

Furthermore, let R be a simulation of Ay by A;.
Then ME - May < Ma, - ME.
Proof.

The claim works out to be equivalent to

Va1 € Q1. g0, dh € Qo. [qéqul-(Z a)§ > ( > a)-[quqi]
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Let A; = (Q;, Fi, d;) be an automaton for i € {0,1}.

Furthermore, let R be a simulation of Ag by A;.
Then ME - May < Ma, - ME.
Proof.

The claim works out to be equivalent to
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Let A; = (Q;, Fi, d;) be an automaton for i € {0,1}.

Furthermore, let R be a simulation of Ag by A;.
Then ME - May < Ma, - ME.
Proof.

The claim works out to be equivalent to
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the sum on the right.



Matrices and bisimulations

Lemma
Let A; = (Q;, Fi, d;) be an automaton for i € {0,1}.

Furthermore, let R be a simulation of Ag by A;.
Then ME - May < Ma, - ME.
Proof.

The claim works out to be equivalent to

Va1 € Qa0 90 € Q- Y [@Ra]-a< Y a-[qR g
ab—rq0 a—d,

Suppose q1 € Q1, qo, gy € Qo such that g = qo and g} R qi.

Then there exists g} such that q1 = g} and g1 R ¢|. Thusa-[qo R q] is a term in
the sum on the right. Since [qo R ¢}] -2 =a-[g} R q1], we are done. O
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Proof sketch.
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Matrices and bisimulations

Corollary

Let A; = (Qj, Fi, ;) be an automaton for i € {0,1}.
Furthermore, let R be a simulation of Ag by A;.

Then MJ - My, = My, - ME.

Proof sketch.

In KA, ife-f < g-e, thene-f* =< g*- e (see exercises).
Recall that and Mg -Mapy £ Mg, - I\/I,g by the last lemma.

Matrices over KA follow the laws of KA, so the claim follows.
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Theorem

Let A; = (Q;, Fi, d;) be an automaton for i € {0,1}.

Also, let R be a simulation of Ag by A;.

Finally, let eg = (I\/I:g0 “ba,)(qo) and er = (Mp - ba,)(q1).
If g9 R q1, then eg < ey.

Proof.

Derive as follows:

eo < (Mg - M, - bay)(1)
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Theorem

Let A; = (Q;, Fi, d;) be an automaton for i € {0,1}.

Also, let R be a simulation of Ag by A;.

Finally, let eg = (I\/I:g0 “ba,)(qo) and er = (Mp - ba,)(q1).
If g9 R q1, then eg < ey.

Proof.

Derive as follows:

eo < (Mp, - M{: - bay)(1)



Matrices and bisimulations

Theorem

Let A; = (Q;, Fi, d;) be an automaton for i € {0,1}.

Also, let R be a simulation of Ag by A;.

Finally, let eg = (I\/I:g0 “ba,)(qo) and er = (Mp - ba,)(q1).
If g9 R q1, then eg < ey.

Proof.

Derive as follows:

e = (Mp, - ba)(a1)



Matrices and bisimulations

Theorem

Let A; = (Q;, Fi, d;) be an automaton for i € {0,1}.

Also, let R be a simulation of Ag by A;.

Finally, let eg = (I\/I:g0 “ba,)(qo) and er = (Mp - ba,)(q1).
If g9 R q1, then eg < ey.

Proof.

Derive as follows:

eo = (Mp, - ba,)(q1) = e
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We now choose p(e)-vector s by setting s(e) = e.
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The round-trip theorem — left-to-right

Let e € E. We write K(e) for (Mj_- be)(e).

Lemma
Let e € E. Now K(e) < e.

Proof.
Note that M} - be, as an fj(e)-vector, is the least solution to Ae.

So, if we have a solution s to Ae, then M} - be < s.
We now choose p(e)-vector s by setting s(e) = e.
Now s is a solution to Ae, by the fundamental theorem:

[ecAl+ > a-s(e) < s(e)

a
e—rpe’



The round-trip theorem — right-to-left

Lemma

The following hold for all e, f, g € E:
K(e),K(f) = K(e+f) Kle-g+f-g)=K((et+f) g)
K(e-(f-g))=K((e-f)-g) K((1+e-e%)-f) = K(e*-f)

K(1-e) < K(e) K(e-1) < K(e)
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The round-trip theorem — right-to-left

Lemma

The following hold for all e, f, g € E:
K(e),K(f) = K(e+f) Kle-g+f-g)=K((et+f) g)
K(e-(f-g))=K((e-f)-g) K((1+e-e%)-f) = K(e*-f)

K(1-e) < K(e) K(e-1) < K(e)

Proof sketch.
By the result about similarity and solutions!

For instance, e in A is simulated by e + f in Aeyr.
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The round-trip theorem — right-to-left

Lemma
LetecEandacX. Nowa-K(e) < K(a-e).

Proof.
First, note that 1 - e (in Aa.e) simulates e (in Ac); so

K(e) = (Mp, - be)(e) = (Mpz,, - bae)(1-€)
We derive:
a-K(e)<a- (M;“a'e - bae)(1-€)
é MAa~s(a ' e7 1 : e) ' (MZa.e ' bAa~e)(1 : e)
= (Ma,. My, - ba,.)(a-e)



The round-trip theorem — right-to-left

Lemma
LetecEandacX. Nowa-K(e) < K(a-e).

Proof.
First, note that 1 - e (in Aa.e) simulates e (in Ac); so

K(e) = (Mp, - be)(e) = (Mp,, - bae)(1-€)
We derive:
a-K(e)<a-(My, .- bae)(1l-e)
S Ma,.(a-e1-e)- (M -ba.)(1-e)
S (Ma,.. - Ma,, - ba,.)(a-e)
S (Ma,, - ba,)(a-e) =K(a-e)
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> If e =0, then e K(f) =0, so the claim holds immediately.
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Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Induction on e; in the base:

> If e =0, then e K(f) =0, so the claim holds immediately.

» If e =1, then we derive:

e K(f)=1-K(F)= K(f) S K(1-f) = K(e - f)



The round-trip theorem — right-to-left

Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Induction on e; in the base:

> If e =0, then e K(f) =0, so the claim holds immediately.
> If e =1, then we derive:

e-K(f)=1-K(fH)=K(f) = K(1-f)=K(e-f)
> If e = a, then by the previous lemma we derive:

e K(f)=a K(f) = K(a-f) = K(e-f)
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Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Inductive cases:

> If e = ¢y + €1, then derive as follows:

e-K(f) = (ep + e1) - K(f)
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Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Inductive cases:

> If e = ¢y + €1, then derive as follows:

e-K(f) = (ep + e1) - K(f)
=ey- K(f) + e - K(f)



The round-trip theorem — right-to-left

Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Inductive cases:

> If e = ¢y + €1, then derive as follows:
e- K(f) = (eo + e1) . K(f)

=e - K(f)+ e - K(f)
§K(eo-f)+K(e1-f)

(1H)



The round-trip theorem — right-to-left

Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Inductive cases:

> If e = ¢y + €1, then derive as follows:

e-K(f) = (ep + e1) - K(f)
= e K(f) +e1 - K(F)
§K(eo-f)—0—K(e1-f)
< K(ep-f+e1-f)

(1H)



The round-trip theorem — right-to-left

Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Inductive cases:

> If e = ¢y + €1, then derive as follows:

e-K(f) = (ep + e1) - K(f)
= ey K(F) + e - K(f)
é K(eo-f)+K(e1~f)
< K(ep-f+e-f)
< K((eo + 1) - f)

(1H)



The round-trip theorem — right-to-left

Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Inductive cases:

> If e = ¢y + €1, then derive as follows:

e-K(f) = (ep + e1) - K(f)
= e K(f) + &1 - K()
é K(eo-f)+K(e1~f)
< K(ep-f+e-f)
S K((eg+e1)-f)=K(e-f)

(1H)



The round-trip theorem — right-to-left

Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Inductive cases:

> If e = ¢y - €1, then we derive as follows:

e-K(f) = (ep-e1)- K(f)
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Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Inductive cases:

> If e = ¢y - €1, then we derive as follows:

e-K(f) = (ep-e1)- K(f)
EEO'(el‘K(f))
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Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Inductive cases:

> If e = ¢y - €1, then we derive as follows:
e-K(f) = (ep-e1)- K(f)

EEO'(el‘K(f))
§e0-K(el‘f)

(1H)



The round-trip theorem — right-to-left

Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Inductive cases:

> If e = ¢y - €1, then we derive as follows:

e-K(f) = (ep-e1)- K(f)
= ey (e1 - K(f))
<e-K(er-f)
< K(ep-(e1-1))



The round-trip theorem — right-to-left

Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Inductive cases:

> If e = ¢y - €1, then we derive as follows:

e-K(f) = (ep-e1)- K(f)
EEO'(el‘K(f))

é €0 - K(e1 . f)
< K(eo - (e1 - f))
< K((eo-€e1)-1)
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Lemma
Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Inductive cases:

> If e = ¢y - €1, then we derive as follows:

e-K(f) = (ep-e1)- K(f)
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Let e € E. Now e < K(e).

Proof.
We first claim that for all f € E, e- K(f) < K(e - f). Inductive cases:

> If e = g5, then we derive as follows:
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The round-trip theorem — right-to-left

Lemma
Let e € E. Now e < K(e).

Proof.
We now have that e- K(f) < K(e- f) for all f € E.

We then conclude that

e=e-1Ze-K(1)=K(e-1) = K(e)



The round-trip theorem

Theorem (Round-trip)
Let e € E. Now e = K(e).
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Solutions to powerset automata

Lemma

Let A= (Q,—,1,F) be an automaton and let A' = (29, —' {1}, F') be its powerset
automaton. Furthermore, let s and s’ be the least solutions to A and A’ respectively.
For S C Q we have that s'(S) =3 s s(q).

Proof sketch.

For <: show that t' : 22 — E given by t/(S) = > _qes 5(q) is a solution to A”.
For >: show that if s € S C Q, then s in A is simulated by S in A’

From this, it follows that s(q) = s'(S), and hence }_ .ss(q) = 5'(S).
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Completeness

Theorem (Completeness)

Lete,f € E. If [e]g = [f]g, then e = f.

Proof.

Write sy for the least solution to A (for A € {Ae, AL, Ar, A7}). We derive as follows:

lele = [fle =

Frell

La.(e) = La,(f)
La,({e}) = La,({f})
sa,({e}) = sa ({f})
sa.(e) = sa(f)
K(e) = K(f)

e=
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Parting thoughts

» Everything that is true, is also provable.
» Does not cover Horn clauses, i.e., eg = fy,...,ep .1 =f_1 = e="f.
» Proof follows a common pattern (if you squint).

> Also gives us a decision procedure for e = f!



Enjoy ESSLLI!
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